This paper proposes a novel approach to solve the complex optimal train control problems that so far cannot be perfectly tackled by the existing methods, including the optimal control of a fleet of interacting trains, and the optimal train control involving scheduling. By dividing the track into subsections with constant speed limit and constant gradient, and assuming the train's running resistance to be a quadratic function of speed, two different methods are proposed to solve the problems of interest. The first method assumes an operation sequence of maximum traction -speedholding -coasting -maximum braking on each subsection of the track. To maintain the mathematical tractability, the maximum tractive and maximum braking functions are restricted to be decreasing and piecewise-quadratic, based on which the terminal speed, travel distance and energy consumption of each operation can be calculated in a closed-form, given the initial speed and time duration of that operation. With these closed-form expressions, the optimal train control problem is formulated and solved as a nonlinear programming problem. To allow more flexible forms of maximum tractive and maximum braking forces, the second method applies a constant force on each subsection.
Introduction
The traditional optimal train control problem is to find the energy-efficient strategy to drive the train through a specific railway segment within a predetermined time, while maintaining specific speeds at both ends of the segment. The problem is usually formulated as an optimal control problem, and solved to provide the train drivers with detailed speed or control advice along the segment 1 .
The shape of the energy-efficient control/speed profile has been well studied with
Pontryagin's maximum principle. The optimal train control strategy on level tracks with constant speed limit follows a sequence of (at most) four operations, which are maximum traction (MT), speedholding (SH), coasting (CS), and maximum braking (MB) (Asnis et al., 1985; Howlett, 1990; Ichikawa, 1968; Milroy, 1980) . On undulating tracks with variable speed restrictions, these four operations can still compose the optimal control strategy (Albrecht et al., 2016a (Albrecht et al., , 2016b Howlett, 2000; Khmelnitsky, 2000; Liu and Golovitcher, 2003) . State-of-the-art development on the optimal train control problem with continuous control is summarised by Albrecht et al. (2016a Albrecht et al. ( , 2016b , together with extension under more generalised assumptions. For trains with discrete control levels, the speedholding can be approximated by coast-power pairs Howlett, 1992, 1993; Cheng et al., 1999; Howlett, 1996; Howlett and Cheng, 1997; Pudney and Howlett, 1994) . Comprehensive reviews of the analysis on classic single-train optimal control with continuous or discrete control can further be found in Scheepmaker et al. (2017) and Yang et al. (2016b) .
Knowing the shape of the optimal control profile is not enough to drive the train in an energy-efficient way. The drivers need to be advised to take appropriate action at specific time or location of the journey, such as the speed to follow or the engine power to set. For this purpose, the optimal control problem has to be solved in order to generate the optimal control/speed profile along the journey (for reviews of the solution methods, see Scheepmaker et al., 2017; Yang et al., 2016b) . Efficient algorithms have been developed based on the so-called indirect method, which tries to solve the Hamiltonian associated with the original optimal control problem based on Pontryagin's maximum principle (Albrecht et 1 It is possible that the suggested control advice is not able to perfectly reproduce the desired optimal speed profile in a practical train run due to, e.g., the inter-carriage interaction which is not considered in the optimal train control problem. It leads to the so-called train "cruise control" problem which deals with how to follow a prescribed speed profile. We do not consider the cruise control in this paper but refer interested readers to Li et al. (2014 Li et al. ( , 2015 for it. Howlett et al., 2009; Khmelnitsky, 2000; Liu and Golovitcher, 2003) . Still, the indirect method cannot perfectly solve optimal train control in more complex settings, such as the optimal control of a fleet of trains, or the optimal train control with extra intermediate constraints applied on the train run, e.g., when the trains are required to dwell at the intermediate stations or to pass specific track locations within specific time windows.
Alternatively, the optimal control formulations of these complex optimal train control problems can be first discretised by some numerical methods and then solved by mathematical programming techniques such as linear programming (Wang et al., 2013) , nonlinear programing (Wang and Goverde, 2016a , 2016c Wang et al., 2013 Wang et al., , 2014 Ye and Liu, 2016) and dynamic programming (Effati and Roohparvar, 2006; Franke et al., 2000; Ko et al., 2004; Vasak et al., 2009; Zhou et al., 2017) . Quality of these discretisation-based methods depends on the discretisation step: a larger step-size requires less computation effort but yields larger energy cost and/or larger violation on the constraints. In addition, as one can find in Effati and Roohparvar (2006) , Wang and Goverde (2016a) and Ye and Liu (2016) , these discretisation-based methods would sometimes give fluctuating control/speed profiles which are difficult to follow or implement for the automatic train operation.
Besides the indirect methods, there are other methods built upon the pre-specified four operations. The driving plans based on coasting control (A̧ıkba̧ and S̈ylemez, 2008; Chang and Sim, 1997; Wong and Ho, 2004 ) are easy to implement; however, their energy saving is restricted by the limited searching space and the pre-specified operation rules. Mathematical programming methods (Gu et al., 2014; Lo, 2014a, 2014b; Yang et al., 2015) are developed in these years, which either require simplification on the train characteristics or track condition, such as constant maximum traction/braking force and/or zero running resistance, or rely on simulation to calculate the ordinary differential equations (ODEs) and integrals. Such simplification restricts the general application of these methods, for example, when the train speed is high such that the maximum traction/braking force is not able to maintain constant and the running resistance is not negligible; on the other hand, the simulation slows the solution process. Recently, Haahr et al. (2017) proposed a method based on dynamic programming. Forward and backward speed profiles were pre-generated under the four operations at prescribed discrete speed levels and at locations where the speed limit or gradient changes. Neither location nor time was discretised, so the fluctuating speed/control profiles were avoided. As only a limited number of discrete speed levels were considered, the prescribed journey time constraint could be slightly violated, and the minimum energy consumption obtained could be larger than the optimum when continuous speeds were considered.
In addition to the constraints at the two ends of a journey, the train control problem may sometimes involve intermediate constraints. For example, in Haahr et al. (2017 ) and Wang and Goverde (2016a , 2016c , the train needs to pass specific track locations within specific time/speed windows; in Ye and Liu (2016) , the leading train is required to stop at the passing loop to let the following train overtake. The pseudospectral method (PM) has been used to solve these problems but it sometimes leads to undesired violent fluctuation on the control profiles (Wang and Goverde, 2016a; Ye and Liu, 2016) . A dynamic-programming-based method recently developed by Haahr et al. (2017) appears to overcome such issue. The train control problems with intermediate constraints also include a large group of research on the energy-efficient subway line scheduling, where the train needs to run through the whole subway line while stopping at stations for passenger boarding and alighting (see Scheepmaker et al., 2017; Yang et al., 2016b for comprehensive reviews). To solve the subway line scheduling problems, previous literature usually assumed simplified train characteristics such as nil running resistance and constant maximum tractive/braking force, or relied on simulation/discretisation to calculate the speed, travel distance and energy consumption (Chevrier et al., 2013; Das Gupta et al., 2016; Lo, 2014a, 2014b; Yang et al., , 2016a Yin et al., 2016; Zhou et al., 2017) . Howlett (2016) recently pointed out that, when no speed restriction is imposed, the different interstation journeys should share a same optimal speed; however, there are still no effective methods to find either this optimal speed or the optimal interstation running times.
So far in this introductory part, we have been talking about the control of a single train. However, a train's optimal driving plan may be infeasible, or not optimal from the systematic point of view, when it is running close to other trains on the same track in the same direction.
For instance, a following train may have to give up its optimal strategy in order to yield to the safe separation to the leading train; likewise, the leading train may also need to compromise its optimal driving plan for the advancing and energy saving of the following trains.
Meanwhile, the trajectories of trains running in different directions can also conflict if they need to use the same piece of track at the same time (Wang and Goverde, 2016b) . Therefore, the control optimisation of all the trains under consideration should be conducted in an aggregate manner. For such problems, the discretisation-based numerical methods (Wang and Goverde, 2016a , 2016c Wang et al., 2014; Yan et al., 2016; Ye and Liu, 2016 ) and the coasting control (A̧ıkba̧ and S̈ylemez, 2008; Goodwin et al., 2016; Lu and Feng, 2011; Yang et al., 2012) can still work; however, their shortcomings persist as in solving the classic single-train control problems. Alternatively, Albrecht et al. (2015) developed a method based on the four well-known operations to control a pair of leading and following trains in a fixed-block system with prescribed intermediate section clearance times, and provided the necessary condition for checking the optimality of the clearance times. However, their method requires further improvement, for example, in the generalisation on existing track settings of zero gradients and no speed restriction, and in the methodology for finding the optimal clearance times.
In summary, the single-train optimal control without intermediate constraints can be perfectly solved now, but not the more complex problems involving multiple trains and/or intermediate constraints; these complex problems are what we would like to explore in this paper. We propose to solve the optimal train control problem with pre-specified operation sequence and practical train and track settings. The maximum traction force, maximum braking force and the train running resistance are assumed to be functions of speed. The uneven track and variable speed limit are explicitly considered, where the track gradient and speed limit are assumed piecewise-constant, so the track can be divided into subsections such that each subsection is of constant gradient and constant speed limit. We propose two different methods to solve the single-train optimal control problem as the nonlinear programming (NLP) problems, and then extend these two methods for the more complex optimal train control.
The first method restricts the maximum traction and maximum braking forces to be decreasing and piecewise-quadratic w.r.t. speed, and the running resistance to be quadratic w.r.t. speed. The control on each subsection is assumed to follow the sequence of MT-SH-CS-MB. Given the initial speed and time duration of each operation on each subsection, we can get the closed-form expressions of the terminal speed, distance traversed and energy consumed corresponding to this operation. An NLP formulation would then be used to obtain the time duration of each operation on each subsection. To allow more general forms of maximum traction and maximum braking forces, the second method applies constant tractive/braking force on each subsection and uses the similar technique to formulate the NLP problem. Performance of these two methods is compared by numerical examples.
The two methods are further used to solve two complex optimal train control problems. The first problem embeds sophisticated train control in an energy-efficient subway line scheduling process. The second problem considers the optimal control of multiple trains in both fixed-block and moving-block signalling systems.
Contributions of this paper, in comparison with exiting literature, are highlighted as follows.
(I) We focus on offline train speed/control profile optimisation for complex optimal train control problems that cannot be solved by the indirect methods based on Pontryagin's maximum principle, such as those with train interaction and/or intermediate constraints.
(II) Compared with the existing methods that solve the complex optimal train control problems which we are interested in, the merits and advantages of our methods lie in that:
(i) We allow (more) realistic train and track conditions, so the resultant control/speed profile is feasible and close to the true optimum;
(ii) We can achieve better energy saving than coasting control, which is not unexpected since the performance of the latter is constrained by the coasting rules and the number of coasting operations;
(iii) We can obtain highly applicable control profiles which apply at most four operations on each subsection, therefore avoid unrealistic fluctuation;
(iv) The closed-form expressions of speed, distance and energy can help accelerate the solution process. As a result, although we are focusing on offline optimisation as stated in Point (I), our algorithms can run fast, as demonstrated in the case studies, which lends their potential for online optimisation in the future.
The rest of this paper is organised as follows. Section 2 reviews the classic optimal train control problem. To solve this problem, two NLP methods are proposed in Section 3. The proposed methods are then used in Section 4 to solve the energy-efficient subway line scheduling problem (Section 4.1) and the multi-train optimal control problem (Section 4.2), respectively. Section 5 demonstrates two case studies: one compares the performance of the two proposed methods as well as the PM in solving a classic optimal train control problem, and the other solves the subway line scheduling problem. Section 6 draws the conclusions and discusses the future research directions.
Classic optimal train control problem
We briefly review the classic optimal train control problem in this section. The movement of a point-mass train is described as (Jaekel and Albrecht, 2014; Rochard and Schmid, 2000) : 
where g is the gravitational constant, and   x  is the track gradient at location x , defined as the ratio of vertical rise to the horizontal displacement. The approximation in Eq.
(3) holds when   x  is close to zero.
The train speed and applied force are bounded as follows, The goal of the optimal train control is then to drive a train from location 0 X to location f X ( 0 f XX  ) within a time budget T , while using as little energy as possible. Assuming the energy is consumed when and only when the tractive force is applied, and no energy is regenerated from braking, then the optimal train control problem can be formulated as follows,
s.t. Eqs. (1)- (5), and
where 0 V and f V are the prescribed speeds at locations 0 X and f X , respectively.
We further make the following assumptions on the running resistance as well as speed limit and track gradient.
Assumption 1. The running resistance   Rv follows the Davis formula (Davis, 1926) : Assumption 2. Both the speed limit and track gradient are piecewise constant w.r.t. location. Therefore, we can divide the track segment 0 , f XX   into N subsections (which are sequentially numbered 1 to N along the train's moving direction), such that both the speed limit and gradient are constant on each subsection, i.e.,
where   n X and We call Eq. (9) a "subsection plan" (SP). In an SP, two adjacent subsections can be identical in both gradient and speed limit. An SP is called a "max-length SP" if it has no adjacent subsections identical in both gradient and speed limit. The max-length SP can be modified by subdividing the subsections according to a predetermined length S shown as follows. For a subsection n of length
subsections of equal length, where
As a result, the subsection lengths in the modified SP will be at most S .
Nonlinear programming methods for solving the classic optimal train control problem
In this section, we solve the general optimal train control problem (1)- (9) by converting it into the NLP problems. More specifically, we solve ODEs (1)- (2) and integral (6) analytically and obtain the closed-form expressions of speed, location and energy consumption.
Consequently, Eqs. (1), (2) and (6) are replaced by these closed-form expressions, and the optimal control problem (1)- (9) is converted into NLP problems. Two different methods based on two different control strategies will be presented subsequently, which are respectively the four-stage strategy and the constant-force strategy.
Method 1: four-stage strategy
We first consider the optimal train control on a particular subsection n with constant speed (10) into the speed dynamic (2), we have
To calculate the closed-form expressions of speed, location and energy consumption w.r.t. each operation, we first make the following assumption on the forms of maximum tractive and maximum braking forces. 
and 
Since   Rv is quadratic, the six ODEs in Eq. (14) To solve the optimal train control problem (1)- (9), we adopt the four-stage strategy on each subsection. Notably, one can skip certain stages by assigning zero time duration to them. For a particular subsection n , let 
The closed-form expression of the second integral in Eq. (17) is provided in Appendix A. If the maximum tractive force switches from one regime to the other during the MT stage, then the switching condition discussed in Appendix B should be considered when calculating
The optimal train control problem (1)- (9) is then formulated as the following NLP problem.
Eqs. (19) and (20) require that the initial speed of each stage should be equal to the terminal speed of the previous stage; Eq. (21) defines the speed at the two ends of the journey; Eq. (22) is the speed limit constraint, where the speeds at only the two ends of each operation are confined since the speed is monotonically changing with time during a particular operation (26)- (27) are equivalent to the following feasibility condition of the SH stage,
in other words, the SH operation can be applied if and only if the required tractive/braking force is available.
The following algorithm is used to solve NLP (18)-(27).
Algorithm 1
Step 1: Denote by    are generated according to the following rules:
Step 2: The initial values generated from Step 1 are used to solve the following minimisation problem: min 0 s.t. Eqs. (19)- (27) Step 3: The solution of Step 2 is used as the initial value to solve NLP (18)-(27).
Remark 3. As we will find later in the case study in Section 5.2, the solution based on the four-stage strategy may contain operations of very short durations, due to either the short length of the corresponding subsection or the limited accuracy of the solver, making the resultant control profiles not easy to directly implement for train driving. Our suggestions for eliminating (part of) these operations are provided as follows.
(I) A short subsection (e.g. 10m, depending on the real situation) can be merged into its adjacent subsection, when the latter has the same gradient but a lower speed limit.
(II) An operation lasts for a very short period of time on a relatively long subsection may (although not always) indicate that such operation is redundant. Therefore, we can remove all of these operations, and then reconstruct and resolve the NLP problem by using the existing solution as the initial value. Generally speaking, within the total 4N operations, most of them are actually redundant, so the reconstructed NLP problem will be much easier and faster to solve. The suggested rules for determining which operations to remove are given as follows.
(i) The first operation (i.e. MT) on the first subsection, and the last operation (i.e. MB) on the last subsection, will never be removed;
(ii) For each subsection, the operation with the longest time duration will not be removed (to guarantee that at least one operation is applied on each subsection); (iii) Operations lasting less than a certain threshold (e.g. 1s, depending on the real situation) will be removed, except those protected by the above two rules.
It is worth noting that, while attempting to remove the redundant operations, we might have a chance to remove those operations that are necessitated for constructing the optimal solution; however, it would not compromise the optimality too much when the threshold is small. 
s.t.
Eq. (29) The following algorithm is used to solve NLP (28)-(36).
Algorithm 2
Step 1: The initial values of 
Step 2: The initial values generated by Step 1 are used to solve the following minimisation problem: min 0 s.t. Eqs. (29)- (36) Step 3: The solution of
Step 2 is used as the initial value to solve NLP (28)-(36).
Case studies will be provided later in Section 5.2 to compare the performance of the proposed fours-stage and constant-force methods. Before that, we will illustrate how to adopt these two methods in solving the more complex optimal train control problems.
Complex optimal train control problems
In this section, we illustrate how to apply the two novel methods that we have just proposed to solve the more complex optimal train control problems about the subway line scheduling (Section 4.1) and the simultaneous optimisation of a leading-following train pair (Section 4.2).
Energy-efficient subway line scheduling with sophisticated train control
In this part, we show how to calculate the energy-efficient subway line schedules while considering the sophisticated train control, based on the methods proposed in Section 3. We consider the same problem as that in Section 4.2 of Ye and Liu (2016) . The subway line has 1 L  stations, which are sequentially numbered from 1 to 1 L  along the train's running direction. The track segment between stations l and 1 l  is defined as section l . Denote 
A case study will be provided in Section 5.3 for this train scheduling and optimal control problem.
Optimal control of multiple trains in fixed-block and moving-block signalling systems
In this part, we illustrate how to optimise the control of a leading-following train pair in both 
is the time duration of stage i ) on subsection n , and 
Constraints (44)- (47) and (51)- (54) are of the same meaning as their counterparts in Eqs. (19) - (22) and (24)- (27); Eq. (48) 
Moving-block signalling system
The safe train separation in a moving-block system can be expressed as the minimum headway in either space or time. When neither train changes the operation (MT, SH, CS, MB, or constant force), the two trains' speeds are monotonically changing with time, but neither the distance nor the time headway between them. As a result, the minimum headway is not always achieved at the beginning or end of an operation. However, because our methods only track the train status at the two ends of each operation, we are not able to model the true moving-block system but only an approximate one, which is named by us a "quasi-moving-block system".
Assuming the minimum space headway is d . The max-length SP is first modified according to some S , as described in Section 2. Consequently, the lengths of the modified subsections will not exceed S . Now, as illustrated in Figure 3 , under the modified SP, given each subsection n which satisfies
we forbid train 2 to enter subsection n until train 1 leaves subsection n , then the allowed minimum distance is
. In other words, the allowed minimum space headway along the train journeys is not uniquely d but varies within
with the location of the leading train. Then by choosing a reasonably small S , we can approximate the true moving-block system without remarkable capacity loss. The NLP for this quasi-moving-block system with the four-stage strategy is formulated as NLP (43)- (54) plus the following train separation constraint (56),
The quasi-moving-block system with constant-force strategy can be formulated in a similar way but again is not provided here. 
Case studies
In this part, we examine the performance of the proposed methods in solving practical optimal train control problems based on a subway line which will be introduced in Section 5.1. Section 5.2 compares the two proposed methods and the PM in solving the classic optimal train control problems, and Section 5.3 solves the subway line scheduling and optimal control problem. Table 1 . To use the PM, the optimal train control problems are first formulated as the multiphase optimal control (MOC) problems and then solved by the PM (via discretisation) with the help of GPOPS Version 5.1 (Benson et al., 2006; Garg et al., 2010 Garg et al., , 2011a Garg et al., , 2011b Rao et al., 2010) . Details of solving the optimal train control problems by the PM will not be provided in this paper, but interested readers can refer to Wang and Goverde (2016a , 2016c , Wang et al. (2013) , Ye and Liu (2016) , and references therein. Parameter settings of GPOPS are given in Table 2 , the explanation of which can be found in Appendix B of Ye and Liu (2016) . Table 1 . Parameter settings of fmincon for Methods 1 and 2
Parameter
Method 1 (Algorithm 1) Method 2 (Algorithm 2)
Step 2 Step 3 Step 2 Step 3
1e-10 1e-10 1e-10 1e-10 'MaxIter' 4000 4000 4000 4000 'MaxFunEvals' 2e6 2e6 2e6 2e6 We use the same track and train settings as that used in Ye and Liu (2016) , based on the 22728m-long Yizhuang subway line in Beijing, China, with 14 stations. The station information and practical timetable is given in Table C .1 of Appendix C. The speed limit and track gradient data are given in Table C.2 and Table C.3 seconds. The optimal train control strategies will be calculated by Methods 1 and 2 and the PM. For Method 1, the max-length SP (Table C. 4, Appendix C) is used, which contains 27 subsections. For Method 2, we consider both the max-length SP and three modified subsection plans with S of 300m, 200m and 100m, respectively. Thus regarding Methods 1 and 2, we have in total five cases to compare, i.e., Method 1 with max-length SP and Method 2 with four different SPs. For each case, 100 randomly generated initial points are used in
Step 1 of Algorithm 1/2 to solve the corresponding optimal train control problem. For the PM, a MOC problem of 27 phases is formulated by associating each subsection with a phase, and the formulation is given in Appendix D. The PM is run only once, and the parameter settings for GPOPS are given in Table 2 (Column I).
The outputs and performance of fmincon and GPOPS are summarised in Table 3 . MATLAB's built-in ODE solver ode45 is further utilized to generate the train speed profiles in Figure 4 and Figure 5 , given control profiles suggested by Methods 1 and 2. The speed and control profiles suggested by GPOPS are shown in Figure 6 . The results are discussed as follows.
(1) In most cases, Methods 1 and 2 can converge to a feasible solution within the predetermined tolerance and predetermined number of iterations.
(2) The solution from Method 1 is globally optimal, which is evident based on two reasons.
First, different starting points give the almost identical energy consumption (Table 3 ) and speed profiles (Figure 4) . Second, as given in Figure 5 and Table 4 , the journey starts with MT and ends with CS followed by MB; while in between, CS and MT are used in turn to adjust the train speed, and SH is used when reaching the speed limit. Such a driving pattern is consistent with the proved optimal train control rule.
(3) For Method 2, only locally optimal solutions are found, which can be told from both the energy consumption (Table 3 ) and the speed profiles (Figure 4) . However, these sub-optimal solutions are neither deviating too much from each other nor very far from the true optimum. With the max-length SP, the computation time of Method 2 is shorter than that of Method 1. As S decreases to 200m, the number of subsections almost doubles and the computation time quadruples; however, the energy saving is only slightly improved. When S is further shortened by half from 200m to 100m, the energy consumption significantly drops with the increase of subsection number and computation time.
(4) The PM gives almost the same energy consumption (Table 3) (2016), but we would like to restate it here. As we can see, the fluctuation happens at the expected SH operation, which corresponds to the singular arc in the optimal train control problem (Albrecht et al., 2016a; Howlett, 2000; Khmelnitsky, 2000; Liu and Golovitcher, 2003) . It is known that the singular arc of an optimal control problem may not be perfectly realised by the so-called direct method including PM, unless the singular arc conditions are explicitly provided in the original optimal control formulation (Betts, 2010; Garg, 2011; Patterson and Rao, 2014; Rao et al., 2010) . There are methods (Albrecht et al., 2016a (Albrecht et al., , 2016b Howlett et al., 2009 ) for finding such singular SH periods in a classic optimal train control problem; however, it is very difficult, if not impossible, to extend these methods for multiple trains and/or multiple intermediate stations discussed in this paper. Figure 6 . Speed and control profiles obtained by PM.
As one can find from Figure 5 and Table 4 , the control profile suggested by Method 1 may contain operations of extremely short durations. We then adopt the technique in Remark 3 to remove operations shorter than 1s, without combining subsections. The new results are listed in Table 5 , and for comparison the results of the original Method 1 is duplicated from Table 3 (with one more digit). Clearly, after operation removal, the new NLP is very easy to solve; the energy consumption is slightly improved, which is not surprising since the removed operations are highly likely to be unnecessary. Particularly, the original speed and control profiles in Figure 5 and Table 4 are improved to Figure 7 and Table 6 . As discussed in Ye and Liu (2016) , to improve the energy efficiency of the subway line schedule, the PM gave a different schedule from the practical one in use, but the resultant energy consumption was not significantly reduced. Two possible explanations were given for this finding: either the original schedule is already quite energy efficient, or the solution obtained by the PM is only sub-optimal. With the methods proposed in this paper, we now have a chance to identify the true reason(s).
We use Method 1 to calculate the most energy-efficient schedule of the whole Yizhuang line.
The bounds of the interstation running times are given in Table 7 , which is obtained by introducing ±30s offsets to the original schedule (from Table C .1) on each interstation journey, while taking into account the minimum interstation running time (Table 8 ). The minimum running time is calculated by replacing the objective function in Eq. (18) with journey time T . The output/performance of Method 1 (based on max-length SP) is summarised in Table 9; the max-length SP here is created by putting together the max-length SPs of all sections, so that the stations are at the ends of the subsections. An identical optimal schedule is obtained and shown in Table 10 , where for comparison we also provide the original schedule as well as the optimal schedule obtained by PM. For the PM, the MOC formulation we use here is exactly the one used in Section 4.2 of Ye and Liu (2016) , where each interstation journey is associated with a phase; however, we use a different set of parameters in GPOPS (Table 2, Column II) which leads to smaller feasibility and optimality tolerances. Notably, we round the optimised running times to integers while maintaining the total running times to be exactly the same as that of the original schedule. All the three values of the minimum total energy consumption (MTEC) listed in Table 10 is solved by Method 1 (based on max-length SP): given the corresponding schedule, the minimum energy consumption of each interstation journey is calculated by Method 1 and then added up to get the MTEC value. Based on these results, we can answer the question raised in the preceding paragraph. On one hand, the timetable in use is actually quite energy efficient, since the energy saved by Method 1 is very small. On the other hand, the schedule given by PM is more energy-efficient than the practical one but less than the one suggested by Method 1, which means that the PM may not be able to give the globally optimal solution. In fact, it is quite difficult to choose appropriate parameters of GPOPS to ensure the convergence of the programme to a solution within acceptable tolerances; while for Method 1, it is easy to choose the parameters for fmincon to guarantee convergence to an optimal solution in most cases. 
Conclusions
The traditional optimal train control, which seeks the energy-efficient train-driving strategy under a limited journey time budget, has been well formulated, solved and implemented in real-life train operations. The research now turns to a more complex phase involving multiple trains and/or intermediate constraints, e.g., simultaneously optimising the control of multiple interacting trains, or combining optimal train control with the process of train scheduling.
Existing methods all have their limitations and disadvantages in solving these practical problems of interest, which leads us to propose new solution methods in this paper. By assuming that the track is composed of subsections where each subsection has constant speed limit and constant gradient, and that the running resistance is a quadratic function of speed, our proposed two methods adopt two different operating strategies on each subsection, one is a sequence of four stages (MT-SH-CS-MB), and the other is constant force. The four-stage strategy requires the maximum tractive and maximum braking forces taking the decreasing and piecewise-quadratic form w.r.t. speed, while the constant-force strategy only requires decreasingness. For each of the five operations (MT, SH, CS, MB, and constant force), given its initial speed and time duration, we calculated the closed-form expressions of its terminal speed, travel distance and energy consumption. Based on these closed-form expressions, we formulated and solved the optimal train control problems as the NLP problems. Such NLP formulations were then used to solve the problems of energy-efficient train scheduling along a multi-station subway line, as well as the optimal control of a leading-following train pair under both fixed-block and moving-block signalling systems. A case study showed the difference of the two proposed methods in computational efficiency and solution optimality for solving a classic single-train single-journey optimal control problem, where the PM was also included for comparison. Another case study demonstrated the effectiveness of the proposed method in solving a practical subway line scheduling problem.
The merits of the proposed methods lie in their effectiveness and efficiency in solving the complex optimal train control problems, as well as the ease in implementing the advised controls. The four-stage strategy will be able to yield the optimal train control since the MT-SH-CS-MB sequence has been proved to be energy-efficient under constant speed limit and constant gradient. The requirement of this strategy on the forms of maximum tractive and maximum braking forces may restrict its usage when facing more general forms of these two forces; however, such obstacle is not insuperable since the more complex force forms can always be approximated by piecewise-linear or piecewise-quadratic functions. Alternatively, the constant-force strategy allows more general forms of maximum tractive and maximum braking forces, and according to our case study it can achieve a stable and satisfying level of energy saving.
For future research, it is still attractive to develop the indirect methods based on Pontryagin's maximum principle for the complex problems that are discussed in this paper. Meanwhile, as mentioned in Haahr et al. (2017) , with the intermediate time-window (and speed-window) constraints, only one sequence of MT-SH-CS-MB on each subsection could be non-optimal or even infeasible; therefore, it is important to see how our Method 1 can be adapted to this scenario. We also notice that the dynamic programming method in Haahr et al. (2017) is efficient in solving the single-train optimal control problems with intermediate time constraints; however, their method on generating speed profiles is based on simulation or numerical methods, so there is scope for their process to be speeded up by using the closed-form expressions we used in this paper. Last but not least, it is also interesting to use the method in Haahr et al. (2017) for the optimal control of multiple trains. 
